Abstract-In this paper, we relax the assumption of constant regime-specific mean growth rates in Hamilton's (1989) two-state Markov-switching model of the business cycle. We introduce a random walk hierarchy prior for each regime-specific mean growth rate and impose a cointegrating relationship between the mean growth rates in recessionary and expansionary periods. By applying the proposed model to postwar U.S. real GDP growth (1947:Q4-2011:Q3), we uncover the evolving nature of the regime-specific mean growth rates of real output in the U.S. business cycle. Additional features of the postwar U.S. business cycle that we uncover include a steady decline in the long-run mean growth rate of real output over the postwar sample and an asymmetric error-correction mechanism when the economy deviates from its long-run equilibrium.
I. Introduction
B LANCHARD and Watson (1986) raised an interesting question of whether business cycles are all alike. Their answer was no. To motivate this paper, we ask, "Are postwar booms or recessions all alike?" Our answer is tentatively no. In Hamilton's (1989) two-state Markov-switching model of the business cycle, the mean growth rates of real GDP during different episodes of a specific regime (boom or recession) are assumed to be the same. Although this assumption may be a reasonable approximation for a specific sample period, we claim that it may be a poor approximation for the extended sample that covers the whole postwar period. This is confirmed by figure 1, in which the quarterly growth rates of real GDP for the sample period 1947:Q4 to 2011:Q3 are plotted along with the mean growth rate for each episode of NBER boom or recession. The shaded areas refer to the NBER recession periods. The mean growth rates for the twelve historical episodes of boom range from 0.59 to 1.83 with a standard deviation of 0.37. The mean growth rates for the eleven historical episodes of recession range from 0.02 to -0.69 with a standard deviation of 0.23. 1 In this paper, we propose a flexible two-state Markovswitching model of the business cycle, in which the regimespecific mean growth rates of real output may evolve over different episodes of boom or recession. We first present a preliminary model in which we assume a simple random * Eo: University of Sydney; Kim: University of Washington. We thank Mark Watson and three anonymous referees for helpful suggestions. Seminar and conference participants at the University of Auckland, University of Washington, Humboldt University, the Conference in Honor of Charles Nelson, the NBER Summer Institute, and the 2011 Asian Meetings of Econometric Society also provided useful feedback. Y.E. acknowledges financial support through the International Program Development Fund from the University of Sydney. C.-J.K. acknowledges financial support from the Bryan C. Cressey Professorship at the University of Washington. A supplemental appendix is available online at http://www.mitpress journals.org/doi/suppl/10.1162/REST_a_00561. 1 For more details, the summary statistics are provided in appendix table A.1. walk hierarchy prior for each regime-specific mean growth rate. Within this framework, we provide basic insights into the model. Then, by imposing a condition for the existence of the long-run mean growth rate for real output, we extend the preliminary model to a realistic one, in which we allow for a cointegrating relationship between the two regime-specific mean growth rates.
For making an inference about the model, we build on recent advances in Bayesian approaches to changepoint models that allow for flexible relationships between parameters in various regimes or an unknown number of structural breaks (e.g., Koop & Potter, 2007; Giordani & Kohn, 2008; Geweke & Jiang, 2011) . In particular, we follow Koop and Potter (2007) and cast the models into standard Markov-switching state-space formulations with heteroskedastic shocks to regime-specific parameters. Once the model is put into standard state-space formulations, a Markov chain Monte Carlo (MCMC) procedure can be easily developed based on the existing posterior simulation method for state-space models and on that for Markovswitching models. For example, in order to generate the evolving regime-specific mean growth rates conditional on the Markov-switching regime indicator variable, we can take advantage of Carter and Kohn's (1994) and Kim, Shephard, and Chib's (1998) methods of posterior simulation for linear state-space models. In order to generate the Markov-switching regime indicator variable conditional on the evolving regime-specific mean growth rates, we use a modified version of Albert and Chib's (1993) method.
We estimate the proposed model and various competing models using postwar U.S. real GDP growth for the sample period of 1947:Q4 to 2011:Q3. In our empirical models, we also allow for the possibility of time-varying long-run mean growth rate and stochastic volatility for the disturbance term. The performance of the proposed model is superior to that of various other competing models, including the Hamilton (1989) model and the Hamilton model with the bounce-back effect of Kim, Morley, and Piger (2005) , both in identifying recessions and in making inferences about the mean growth rates. The superiority of the proposed model is also confirmed by Bayesian model comparison based on the deviance information criterion (DIC).
The evolving nature of each regime-specific mean growth rate for booms or recessions is not the only feature of the U.S. postwar business cycle that we uncover in this paper. First, we find that the decline in the long-run mean growth rate of real output was not abrupt. Whereas an abrupt decline in the long-run output growth has commonly been postulated around the mid-1970s (e.g., Perron, 1989, and Zivot & Andrews, 2002) , we find that the long-run mean growth rate has declined steadily over the entire postwar sample, as first documented by Stock and Watson (2012) . Second, an asymmetric error-correction effect arises when the economy deviates from its long-run equilibrium. We find more evidence of error correction in the form of a high growth expansion following a deep recession than vice versa. The remainder of this paper is organized as follows. In section II, we propose a model with evolving regime-specific mean growth rates of real output, in which we impose a condition for the existence of the long-run mean growth rate. In section III, we present a state-space representation of the proposed model and describe an MCMC procedure for Bayesian inference of the model. In section IV, we apply the proposed model to postwar U.S. real GDP growth. The performance of the proposed model is compared to those of various alternative models. Section V provides the summary and conclusions.
II. Markov-Switching Models with Evolving
Regime-Specific Mean Growth Rates
A. A Preliminary Model
Let y t be real output growth, and consider the following Markov-switching model of the business cycle:
t = 1, 2, . . . , T ; τ 0 = 1, 2, . . . , N 0 ; τ 1 = 1, 2, . . . , N 1 , whereμ 0,τ 0 is the mean growth rate during the τ 0 th episode of boom in the sample;μ 1,τ 1 is the mean growth rate during the τ 1 th episode of recession; and N 0 and N 1 are the total numbers of the episodes of boom and recession, respectively, conditional on the states. Note that N 0 and N 1 are random variables and that they are dependent on the realizations of the latent state variablesS T = [S 1 S 2 . . . S T ] that characterize the business cycle regime. The latent state variable S t follows a first-order Markov-switching process with the transition probabilities
While Hamilton (1989) assumes thatμ 0,τ 0 = μ 0 for all τ 0 = 1, 2, . . . , N 0 andμ 1,τ 1 = μ 1 for all τ 1 = 1, 2, . . . , N 1 , we allow for the possibility that different episodes of boom (or recession) have different mean growth rates. In order to allow for the dependence of mean growth rates between current and past episodes of boom or recession, we adopt hierarchical priors given by the following random walk dynamics forμ 0,τ 0 andμ 1,τ 1 :
where ω 0,τ 0 and ω 1,τ 1 are independent of each other and are not correlated with e t in equation (2). Within the context of the linear models with multiple structural breaks, Koop and Potter (2007) use the same hierarchical prior in order to allow for dependence in parameters across regimes. When σ 2 ω,0 = σ 2 ω,1 = 0, the above model collapses to that of Hamilton (1989) . The fundamental difference between the model proposed in this paper and the Hamilton model is illustrated in figure 2 .
For notational simplicity, we rewrite equations (4) and (5) with a common subscript τ instead of two different regime subscripts τ 0 and τ 1 , in the following way:
where j * = 1, if the sample starts with the first episode of recession; and j * = 0, if the sample starts with the first episode of boom. We therefore have τ = 1, 2, . . . , N, where
B. A Realistic Model with a Long-Run Restriction: Vector Error-Correction Dynamics for Regime-Specific Mean Growth Rates
One weakness of the preliminary model in section II.A is that the long-run growth rate does not exist. This results in a serious problem, especially when the assumption of a 942 THE REVIEW OF ECONOMICS AND STATISTICS constant long-run growth rate is relaxed in a later section. In this section, we first derive a condition for the existence of the long-run growth rate. By denoting the long-run growth rate as δ, we rewrite equation (6) as
where μ 0,τ or μ 1,τ refers to the deviation of the mean growth rate during boom or recession from the long-run mean growth rate δ. By taking unconditional expectations on both sides of equation (11), we obtain the restriction E[y t − δ] = E[(1 − S t )μ 0,τ + S t μ 1,τ + e t ] = 0, which, due to the law of iterated expectations and the independence of S t from μ 0,τ or μ 1,τ for all t and τ, results in
where, π i = Pr[S t = i], i = 0, 1, are the unconditional probabilities of boom (i = 0) and recession (i = 1).
This long-run restriction, combined with the random walk assumptions for the regime-specific mean growth rates, suggests that μ 0,τ and μ 1,τ are cointegrated with a cointegrating vector [π 0 π 1 ] . Thus, changes in μ 0,τ and μ 1,τ do not have any long-run effect on y t by the long-run restriction of the cointegration. The following describes the dynamics of μ 0,τ and μ 1,τ with the long-run restriction:
where σ 2 0τ and σ 2 1τ are defined in equations (9) and (10). Finally, in order to guarantee the stability of the above vector error-correction model and the existence of long-run output growth, we need a restriction on error-correction coefficients θ 0 and θ 1 . If we cast the vector error-correction model in equations (14) and (15) into a state-space form, we have ⎡
where z τ = π 0 μ 0,τ + π 1 μ 1,τ is the equilibrium error during period τ. 2 Here, because the equilibrium error needs to be stationary, the restriction on the θ 0 and θ 1 parameters is given by
The model in equations (11) to (15) differs from a conventional unobserved-components model. The regimespecific mean growth rate μ 0,τ or μ 1,τ changes only when we face a new episode of boom or recession. Furthermore, adjustment to long-run equilibrium occurs only when the regime changes from boom to recession or vice versa. Thus, we can cast the model into the following conventional unobserved-components representation of the model:
III. Markov Chain Monte Carlo Procedure and Model Comparison

A. MCMC Procedure
As in Koop and Potter (2007) , we first cast the unobserved components model derived in the previous section into a state-space model. The measurement equation is
The state equation is
where
, the above is a linear state-space model with heteroskedastic shocks and a procedure for making inferences on μ * 0,t and μ * 1,t (the elements of the state vector μ * t ) can easily be developed by modifying the procedure proposed by Carter and Kohn (1994) . Furthermore, conditional on the μ * 0,t and μ * 1,t terms generated for t = 1, 2, . . . , T , a procedure for generating the regime indicator variable S t can be derived easily by modifying the procedure proposed by Albert and Chib (1993) . In what follows, we summarize the prior used for Bayesian inference of the model and present an outline for the MCMC procedure.
By definingμ *
, the full specification for the priors can be summarized as:
where the joint conditional prior p(μ * 0,t , μ * 1,t |μ * We use a five-step MCMC procedure:
Step 0: Initialize the parameters of the modelψ = δ σ 
which suggests that we can sequentially generate μ * 0,t and μ * 1,t for t = T , T − 1, . . . , 2, 1.
Step 2: GenerateS T conditional onμ * 0,T andμ * 1,T , parametersψ, and dataỸ T . This step is based on equation (23) and the transition probabilities in equation (3). As in Albert and Chib (1993) , p(S t |Ỹ T ,S =t ,μ * 0,T ,μ * 1,T ,ψ) can be derived as
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Step 3: Generate θ 0 , θ 1 , σ 2 ω,0 , and σ 2 ω 1 , conditional oñ μ * 0,T ,μ * 1,T , andS T . This step is based on equations (14) and (15).
Step 4: Generate δ and σ 2 e , conditional onμ * 0,T ,μ * 1,T ,S T , andỸ T . This step is based on equation (23).
Step 5: Generate q and p conditional onS T .
More details of this MCMC procedure are in appendix A.
B. Model Selection Criterion
In addition to visually inspecting the estimated probabilities of being in the recession regime with the NBER recession dates, we formally compare our proposed model with various extensions of the Hamilton model. The usual method of Bayesian model comparison is through marginal likelihood calculations, but they are quite sensitive to prior information, especially for the models with highdimensional parameter spaces. The proposed model has a complicated hierarchical structure for the evolving regimespecific mean growth rates. Furthermore, when the model is extended to incorporate a random walk process for the long-run mean growth and stochastic volatility for the disturbance terms, the hierarchical structural of the model is further complicated. Thus, the number of model parameters and the latent state variables is extremely large and easily exceeds the number of observations. This creates difficulty in evaluating the marginal likelihood.
In order to overcome the difficulty in marginalizing over the parameter vector and the latent state variables, we adopt the deviance information criterion (DIC) for our model comparisons. Spiegelhalter et al. (2002) first proposed using DIC for complex hierarchical models and Berg, Meyer, and Yu (2004) showed that DIC can be effectively used for comparing various stochastic volatility models. DIC is developed exactly for the models such as ours. This model selection criterion consists of a Bayesian measure of model fit defined as the posterior expectations of the deviance and a penalty term to measure the complexity of the model as in the Akaike information criterion (AIC) and the Schwarz information criterion (SIC). The penalty term represents the effective number of parameters defined by the difference between the posterior mean of the deviance and the deviance evaluated at the posterior mean of the parameters: 3
where Ψ is a collection of model parameters including state variables and Ψ is its posterior mean. Thus, DIC prefers the model with a small value. In practice, the posterior expectations of the deviance are calculated with 3 For more details, refer to Spiegelhalter et al. (2002) .
where M is the number of MCMC simulations. Thus, calculating these two terms is easy when MCMC draws are readily available. We simply need to average the log of likelihoods from MCMC draws and evaluate the log of likelihood at the mean of MCMC draws for the parameters.
IV. An Application to U.S. Real GDP Growth Data
A. The Hamilton Model and the Proposed Model
We apply the proposed model and the MCMC procedure presented in section III to postwar U.S. real GDP growth data over the sample period: 1947:Q4 to 2011:Q3. The results are compared to those from the Hamilton (1989) model. For both models, we specify the long-run mean growth rate as a random walk process and the variance of the disturbance terms as a stochastic volatility process. The former is incorporated in order to reflect Stock and Watson's (2012) observation that long-run growth of real output has declined steadily over the postwar sample and the latter is incorporated to reflect the Great Moderation.
For the two competing models under consideration, the long-run growth rate (δ) in equation (11) is replaced by
and the distribution of the disturbance term e t in equation (12) is replaced by
The two competing models with the features in equations (30) to (32) are summarized below.
We begin with the Hamilton model, model I:
where the regime-specific mean growth rates (μ 0 and μ 1 ) are assumed to be time-invariant; the transition probabilities for S t are as given in equation (3); and the last equation in the Hamilton model is the identifying restriction that we need for estimating the long-run growth rate δ t . Here, π 0 and π 1 refer to steady-state probabilities of S t .
Our proposed model, model II, is where the hierarchical priors for μ 0,τ and μ 1,τ are given in equations (14) and (15) along with equation (18), which restricts the coefficients governing the speed of adjustment in their error-correction dynamics and the transition probabilities for S t are the same as in the Hamilton model. The priors we specify for the variances of the shocks are inverted gamma distributions, those for the transition probabilities are beta distributions, and those for all the other parameters are normal distributions. The prior mean and the standard deviations for the parameters common to both models are set to be the same.
All inferences are based on 20,000 Gibbs simulations after discarding 10,000 burn-ins. Tables 1 and 2 summarize prior and posterior moments for the Hamilton model and those for the proposed model, respectively. Of particular interest in table 2 are the posterior distributions for the θ 0 and θ 1 coefficients in the proposed model. These coefficients represent the speed of adjustments at which the regime-specific mean growth rates converge to long-run equilibrium. Although the posterior means for θ 0 an θ 1 are both negative, the sample evidence in favor of θ 0 < 0 is relatively more than that in favor of θ 1 < 0. 4 Notice that while the upper bound for the 90% bands for θ 0 is close to 0, that for θ 1 is much greater than 0. This suggests that on average, a relatively strong recovery would follow a severe recession, which is sometimes referred to as the bounce-back effect in the literature (e.g., Beaudry & Koop, 1993, and Kim et al., 2005) .
DIC for the proposed model (421.50) is considerably lower than that for the Hamilton model (446.79), suggesting that the proposed model is preferred to the Hamilton 4 The results are robust with respect to alternative prior moments used for the θ 0 and θ 1 coefficients. model. The plots of posterior regime probabilities and posterior mean growth rates for the two models further confirm this. In figure 3 , the posterior probabilities of recession for both models are depicted against the NBER recessions (shaded areas). The proposed model clearly does a better job in the in-sample prediction of the NBER recession than the Hamilton model. In figure 4 , the posterior mean growth rates from the two competing models are depicted against the NBER business cycle episode-specific mean growth rates. 5 Again, the proposed model does a much better job in replicating the NBER episode-specific mean growth rates. Figure 5 compares the long-run mean growth rates. The gradual declines in the long-run mean growth rates throughout the sample and their magnitudes for both models are in close agreement with those reported in Stock and Watson (2012) . 6 A slight difference is that whereas the posterior long-run mean growth for the Hamilton model steadily declines from close to 1% to 0.4% throughout the sample, 6 Stock and Watson (2012) support this finding by examining various macroeconomic variables and suggest that the declining trend growth rate is due to changes in underlying demographic factors, especially the stagnant female labor force participation rate and the aging of the U.S. workforce. Note that this nature of changes in the long-run output growth is quite different from what has been reported in the literature. The literature suggests an abrupt decline in the long-run mean growth rate after the first oil shock of the mid-1970s (Perron, 1989; Zivot & Andrews, 2002) . that for the proposed model declines from around 0.8% to 0.5%. Clearly, a much higher long-run mean growth rate in the 1950s and a bigger decline for the Hamilton model may be an artifact of assuming constant regime-specific means, as shown in figure 4 . Finally, in figure 6 , we compare the volatility of the disturbance terms for the two models. The volatility before the 1980s for the Hamilton model is estimated to be about 25% to 50% higher than that for the proposed model. Again, this may be due to the constant regime-specific mean growth assumed in the Hamilton model, and a lot of the variation in the regime-specific mean growth rates during this period is reflected as high variance of the disturbance terms. 
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B. Robustness Check: Various Alternative Model Specifications
In this section, we consider and estimate various alternative models. For example, one important finding from the proposed model is the existence of high-growth recoveries that typically follow deep recessions (i.e., the bounce-back effect of Beaudry & Koop, 1993, and Kim et al. 2005) . One cannot rule out the possibility that the estimated evolving regime-specific mean growth rates for the proposed model may simply be an artifact of not explicitly considering the bounce-back effect in the Hamilton model. We thus consider model III, an extended Hamilton model in which the bounce-back effect is incorporated as in Kim et al. (2005) : 
where the specification for the transition probabilities, the long-run growth rate δ t , and stochastic volatility σ 2 e,t are the same as in models 1 and 2. A nice feature of model III is that the longer the duration and the deeper the magnitude of a recession, the higher is the recovery (i.e., a bigger bounceback effect). The bounce-back effect term λ m j=1 S t−j ( y t−j − δ t−j ) reflects this feature. Note that when λ = 0, the above model collapses to model I (the Hamilton model). We follow Kim et al. (2005) in setting m = 6 for the length of the bounce-back effect. Table 3 presents prior and posterior moments. The prior distribution we specify for the bounce-back effect parameter λ is N(0.30, 0.50 2 ). 7 The prior distributions for other parameters are the same as those in the Hamilton model without the bounce-back effect. In table 3, the bounce-back effect is significant in the sense that the posterior mean of the bounceback effect parameter is 0.10, and its 90% credible interval is [0.03, 0.18]. The posterior moments for other parameters are similar to those for the Hamilton model without the bounce-back effect (model I) reported in table 2. Figure 7 shows that incorporating the bounce-back effect in the Hamilton model results in a better correspondence between the posterior probabilities of recession and the NBER recession dates. It also provides a better correspondence between the posterior mean growth rates and the NBER regime-specific mean growth. However, the model completely misses the 2001 recession, unlike the proposed model. DIC decreases from 446.79 (Hamilton model) to 444.93 (extended Hamilton model) . However, the decrease in DIC is only minor, and it is still considerably higher than that for the proposed model (421.50).
Other than the bounce-back effect, we cannot preclude the possibility of an abrupt structural break in the long-run mean growth rate, as reported in the literature (Perron, 1989 ; Zivot . We thus consider three additional models in which the random walk specification for the long-run mean growth rate in equation (30) is replaced by a structural shift in the long-run mean growth rate, which is modeled as a Markov-switching process with an absorbing state:
To summarize, we consider and estimate three additional models:
• Model IV: Hamilton model with a structural break in long-run growth rate:
• Model V: Proposed model with a structural break in long-run growth rate:
• Model VI: Hamilton model with a bounce-back effect and a structural break in long-run growth rate:
The priors for the long-run growth rates before and after the break date are specified as N(0.8, 0.5 2 ). The prior mean is based on the fact that the average growth rate for postwar U.S. real GDP is about 0.8 in the sample. The prior distribution for q D is specified as Beta(70, 1). The prior and the posterior moments for each of the above models, along with all related figures, are reported in the appendix. A comparison of the DIC values reported in table 4 gives the following result summary: the proposed model is most preferred, and for each model, a random walk specification for the long-run mean growth rate is preferred to a one-time structural-break specification. 8 Our results confirm Stock and Watson's (2012) observation that the long-run mean growth rate of real output has declined steadily over the postwar sample.
V. Summary and Suggestion for Further Studies
As an economy and its institutions and policies evolve over time, so do the dynamics of the business cycle. Over time, we thus may need a more sophisticated empirical model that is capable of capturing the changes in the dynamics of the business cycle. The Great Moderation, the stabilization of the economy since the mid-1980s, is an example of such change. However, what is sometimes overlooked in empirical models of the business cycle is that Hamilton (1989) , assumes that mean growth rates during all episodes of boom or recession are the same. While this assumption may be valid for particular sample periods, it may not be realistic for a sample that covers the entire postwar period. This is why the original Hamilton model fails to provide sharp inferences on two distinctive business cycle regimes when the sample period is extended beyond that used by Hamilton (1989) . The extensions to the original Markov-switching approach of Hamilton (1989) include the introduction of a random walk hierarchical prior for each regime-specific mean growth rate and the inclusion of a cointegrating relationship between the average growth rates in recessionary and expansionary periods. By applying the proposed approach to the postwar U.S. real GDP growth data from 1947:Q4 to 2011:Q3, we find three important features of the U.S. business cycle. First, the postwar booms and recessions are not all alike. Second, the long-run mean growth rate of real output has steadily and gradually declined over the postwar sample. Third, the error-correction mechanism works asymmetrically when the economy deviates from its long-run equilibrium.
The model presented in this paper may be further extended to the case of time-varying transition probabilities.
